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Within the texture-zeros mechanism, first we provide necessary and sufficient con- 
ditions on the characteristic polynomial coefficients so that it has real, simple and 
positive roots, we traduce these conditions in terms to the invariants of the congruent 
matrices. Next all symmetric texture-zero mass matrices are counted and classified. 
Finally we apply in a systematic way the result from the first part to analyze the 
six, four and two zeros texture matrices presented in the second part. 
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I. INTRODUCTION 

In the Standard Model (SM) with SU(2) x U(l) as the gauge group of electroweak 
interactions, the mass physics of quarks and charged leptons are in the Yukawa Sector, after 
Spontaneous Symmetry Breaking (SSB), it is denned the mass matrix as: 

M f =-j=Y f , (f = u,d,l), 

where v is the vacuum expectation value of the Higgs field and Y) are the 3x3 Yukawa 
matrices. The physical masses of the particles are defined as the eigenvalues of the mass 
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matrix Mf. Within the SM context the mass matrix is unknown, the only trail of the quarks 
mass matrices is the V c km matrix, that it is built by the product of matrices that diagonalize 
the u-quark mass matrix and d-quark mass matrix. 

In 1977 Harald Fritzsch proposed a phenomenological study the texture-zeros mech- 
anism 1 , that consist in looking for the simplest pattern of mass matrices, which can result 
self-consistent and experimentally reproduce the V c k m parameters (elements). 

Going in this direction, we present what kind of texture-zeros are well structured con- 
sidering that by definition, the eigenvalues of the mass matrix are the masses of fermions 
or charged leptons, i.e., they must be real, simple and positive. Mathematically speaking a 
symmetric mass matrix always guarantees that the physical masses are real, however, the 
positivity condition for the eigenvalues is not fulfilled by any symmetric matrix, moreover a 
positive definite matrix has eigenvalues real and positive, but no necessarily different. 

The main result of this paper is to provide the rigorous mathematical structure for 
texture-zero matrices. In Sec. II, we show analytically how the mass matrices appears 
in the SM context. In Sec. Ill, we find necessary and sufficient conditions on the character- 
istic polynomial coefficients so that its roots are real, simple and positive. These conditions 
are rewriting in terms of the invariant congruent matrices, i. e. trace, determinant and trace 
of the power matrix. In Sec. IV, we develop a easy notation that counts and classifies the 
texture-zero matrices, and we show all symmetric matrices of 3 x 3 grouped into 2-zero, 
4-zero and 6-zero texture, in order to complete the counting the matrix without zeros is in- 
cluded. Finally in Sec. V, we apply systematically the results of the Sec. Ill to all matrices 
of the Sec. IV. and we show what kind of texture matrices have real, different and positive 
eigenvalues and we present some numerical examples of these. For these examples the values 
of the masses are taken from web page PDG 

II. PRELIMINARIES 

In the Yukawa sector of the SM, the mass terms for quarks and charged leptons can be 
expressed as 

u L M u u R + d L M d d R + T L Mil Ri (1) 
1 For an excellent review see Q , and references there in. 
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where Ul(r), cIl(r) and Il(r) are the left(right)-handed quark and charged leptons fields for 
the u-sector (u, c, t), d-sector (d, s, b) and charged leptons (e, fi, r) respectively. M u , M d and 
Mi are the mass matrices. Expressing the above equation in terms of the physical fields, one 
diagonalize the mass matrices by bi-unitary transformations 

M u = U\ L M u U uR = Diag [m u , m c , m t ) , 

M d = U ] dL M d U dR = Diag [m d , m s , m h ] , (2) 
Mi = U} L Mi Uir = Diag [m e , m M , m T ] , 

where Uf L and Uf R (f = u, d, I) are in general complex unitary matrices. The quantities 
m u , ma, . . . etc. denote the eigenvalues of the mass matrices, i.e. the physical quark masses 
and they must have real and nonnegative quantities. 

Re-expressing Eq. ([1]) in terms of physical fermion fields {f' L ^) as 

u' L M u u' R + d' L M d d' R + l' L Mil' R , (3) 

where f' L = f L U fL and f' R = U} R f R , (/' = u',d',l'). 

Eq.(f2]) implies that M/ and Mf, (f = u, d) are congruent matrices, the relation of congruence 
is an equivalence relation, which implies a space partition in cosets. Any two elements that 
belong at the same coset have the following invariants: determinant, trace, trace of the 
power matrix, characteristic polynomial and their eigenvalues, in the other hand, if M/ and 
Mf are congruent matrices then: detM/ = detM/, trMy = trM/, trMj? = trMp, where 
n is a positive integer, det(Mj — XI) = det(Mf — XI) 2 {4]. 

Considering to Mf as a 3 x 3 symmetric matrix with real coefficients then Mf is built as 
diagonal matrix where its elements are the eigenvalues of Mf, these eigenvalues are found 
as the roots its characteristic polynomial. The aim is find the necessary and sufficient 
conditions over the coefficients of the characteristic polynomial from Mf, i.e over the Mf 
elements, such that this polynomial has three real, positive and simple roots. This subject 
will be developed the following section. 

2 In this work, we will denote the product (tr A)(ti A) as tr 2 A. In the general case (tr A) n = tr" A for n 
positive integer. 
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III. TEXTURES POLYNOMIAL 

Definition 1 A monic polynomial with real coefficients p(X) = A 3 + a 2 A 2 + a±X + a^, is a 
texture polynomial if the roots of equation p(X) = are real, simple and positive, in other 
words, they are located in the positive semi-axis IR + and has multiplicity one. 

Lemma 1 The polynomial of second degree p(X) = A 2 + a\X + a has two real, simple and 
positive roots if and only if the following condition hold. 

a 2 

a 1 < < a < (4) 

Proof. If p(X) has two real, simple and positive roots then there exists Ai, A2 G 1R + , Ai 7^ 
A2 such that the polynomial can be expressed by 

p(A) = (A - Ai)(A - A 2 ) = A 2 - (Ai + A 2 )A + AiA 2 , 

now by equality of polynomials we have that a± = — (Ai + A 2 ) < 0, a® = AiA 2 > 0, and the 
inequalities 1 and 2 hold 3 , for the inequality 3 we observe that if the polynomial of the 
second degree has two real, different roots then its determinant is positive A = a\ — 4oq > 
i.e. the inequality 3 hold. 

Conversely, if the condition (T4]) hold, the roots of polynomial p(X) are given by A = 

— ^ 1 — , the inequality 3 implies the existence of two different, real roots , the 

~ a i + \/ a ? — 4cto 

inequality 1 implies that > 0, and the inequalities 1 and 2 implies that 

-ai - y/a 2 - 4a > Q B 
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We are now ready to state and proof the main result of this section. 

Theorem 1 The monic polynomial of degree 3, p(X) = A 3 + a 2 A 2 + aiX + a is a texture 
polynomial if and only if the following three conditions hold. 

1. ao, a 2 < < a\. 

2. 3ai < 



3 In this work, a chain of inequalities a < b < c < . . . , the first inequality is a < b, the second one is b < c 
and so on. 
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5. // A 4 = — \^ and A 5 = — \^ -, then p(X 4 ) < and p(X 5 ) > 0. 

Remark. We observe that A4 and A5 are the roots of the first derivative of p(A), and 
therefore the condition 2 is equivalent to A4, A5 G IR, and join to the condition 1 we have 
that < A 5 < A 4 . 

Proof. If p(X) is a texture polynomial, then exists three different Aj G IR + , (i = 1,2,3) 
such that p(X) = (A - Ai)(A - A 2 )(A - A 3 ) = A 3 - (A x + A 2 + A 3 )A 2 + (A X A 2 + A1A3 + A 2 A 3 )A - 
AiA 2 A 3 , by equality of polynomials we obtain 

• a 2 = -(Ai + A 2 + A 3 ) < 0, 

• a = -AiA 2 A 3 < 0, 

• a x — AiA 2 + AiA 3 + A 2 A 3 > 0, 

and the condition 1 hold. 

Without loss of generality, we suppose that < Ai < A 2 < A 3 , if we have a polynomial of 
degree 3 with three real, simple roots then there exits two critical points, they are roots of the 
first derivative, i.e. the condition 2 hold. Now if the roots of polynomial are positive then the 
critical points are positive too and the follow chain of inequalities hold Ai < A5 < A 2 < A4 < 
A3. From the coefficient of A 3 is 1, we have that lirriA->.ooP(A) = 00 and lim,\->.-ooP(A) = —00, 
then for points less than Ai the polynomial is negative, we applied the Rolle theorem to the 
roots Ai and A 2 , therefore the polynomial has a maximum value between Ai and A 2 , and 
therefore p{\§) > 0. Similarly for points greater than A 3 the polynomial is positive and we 
applied the Rolle theorem to the roots A 2 and A 3 , and the polynomial has a minimum, this 
value is negative i.e. p(A 4 ) < 0. 

Conversely, we have that p(X) = A 3 + a 2 A 2 + aiA + ao such that the conditions 1, 2 and 
3 hold. The conditions 1,2 join to lemma [1] implies that p'(X) has two real, simple and 
positive roots given by : 

— a 2 + 3ai _ -a 2 - y/ a% — 3a x 

A 4 - 3 , As- ^ • 

First we observe that < A 5 < A 4 , now computing p"(A 4 ) = 2a/o 2 — 3ai > 0, this implies 
in A 4 we have a minimum whereas p"{X§) = —2yja\ — 3ai < and then in A5 we have a 
maximum. We applied repeatedly the Intermediate Value theorem. From 1, we have that 
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p(0) = ao < and from 3 it follows that p{\§) > 0, then we have a positive root. The 
condition 3, p(\4) < and p(As) > 0, guarantee that exits a second root between A5 and 
A4, finally due to the coefficient to A 3 is positive p(\) we have that lim^oo = 00 and this 
implies p(Xi) < 0, then p(X) intersects to horizontal axis one more time in the third root. ■ 
The condition 3, of the theorem [T], can be replaced by 

- 2{a\ - 3ai) 3/2 < 2a 3 , - 9aia 2 + 27a < 2{a\ - 3ai) 3/2 , (5) 

the firs inequality is obtaining to solve p(As) > and the second one is obtained to solve 
p{\d) < 0. The condition (JHJ) can be rewriting as 

\2a\ - 9ai« 2 + 27a | < 2(aj - 3ai) 3/2 . (6) 

It is convenient to rewrite the theorem [1] in terms of the invariants of congruent matrices. 
This create directly a link between the matrix elements and its eigenvalues which facilitates 
subsequent computations and applications. To implement this fact, first we write the coef- 
ficients of its characteristic polynomial p(X) in terms of its trace (trM), trace of the square 
matrix (trM 2 ) and its determinant (det M) in the following form: 

p(A) = A 3 - tr MA 2 + - [tr 2 M - tr M 2 ] A - det M. (7) 
Now we are ready to present the main theorem of this section 

Theorem 2 A real, symmetric matrix M has its characteristic polynomial of textures, if 
and only if the following three conditions hold. 

1. (a) detM > 0, 

(b) trM > 0, 

(c) trM 2 < tr 2 M. 

2. tr 2 M < 3 trM 2 . 

3. |tr M(5 tr 2 M - 9 tr M 2 ) - 54 det M| < ^(3 tr M 2 - tr 2 M) 3 / 2 . 

The theorems presented in this section will be applied to texture-zero matrices, the 
texture-zero formalism is the subject of next section. 
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IV. TEXTURE-ZERO FORMALISM 

A texture- zero matrix is a 3 x 3 matrix with zeros in some entries, the way to count them 
is the following: a zero in the main diagonal add as 1, while zero off main diagonal add as 
1/2. We need to sum all zeros for both mass matrices u-quarks and d-quarks. For example, 
given M u and as 



^ * *^ 
* * 
* Oy 



U *A 

0*0 
y* Oy 



For M u we have one zero in the main diagonal, we add (+1) and 2 zeros off main diagonal 
that add 1 = (1/2 + 1/2), then M u has a 2-zero texture structure. Considering now we 
have a 3-zero texture structure (1 + 2). Then this set of matrices is said to have a 5- zero 
texture structure. 

In this work we are going to consider a parallel structure for M u and Md mass matrices, 
this mean that if M u has zeros in some places then has zeros in the same position that 
M u , because of that we will only have the following set of structures: 2-zero textures, 4- zero 
textures and 6- zero textures. 

A. Notation 



We start writing a symmetric matrix M given by: 



M 



( 



\ 



E D F 
D C B 
F B A 



This matrix is well determined by specifying six capital letters (A, B, C, D, E, F) and their 
corresponding positions, then we introduce the following notation: 

• M(x) is a matrix with a zero in the capital letter x, (x = A, B, C, D, E, F). 

• M(x, y) is a matrix with zeros in the capital letters x and y, (x, y = A, B, C, D, E, 
F; x ^ y). 

• M(x, y, z) is a matrix with zeros in the capital letters x, y and z, (x, y,z = 
A,B,C,D,E,F;x^y^z). 
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For example, a matrix with a zero in the position F is: 



M{F) 



I 



EDO 
D C B 
B A 



\ 



a matrix with zeros in the positions C and D is 

/ 

M(C,D) = 



V 



EOF 
B 
F B A 



finally a matrix with zeros in the positions C, D and F is, 



M(C,D,F) 



I 



\ 



E 
B 
B A 



\ 
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Using this notation, we are able to list all possible textures, considering a parallel structure 

of mass matrices. 

2-zero texture structure. 

We have 6 different matrices, which are: 

M(A), M(C), M(E), M{B), M(D), M(F). 

4-zero texture structure. 

In this case, we have 15 possibilities, which are: 

M(A,E), M(A,C), M(C,E), 

M(A,B), M(A,D), M(A, F), 

M(B,C), M(C,D), M(C,F), 

M(B,E), M(D,E), M(E,F), 

M(B,F), M(B, D), M(D, F). 
6-zero texture structure. 

For this case, there are 20 different matrices, which are: 
M(A,B,C), M(A,C : F) } M(A,C,D), 
M(A, B, E), M(A, E, F), M(A,D,E), 
M{B,C,E), M(C,E,F), M{C,D,E), 
M(A,B,F), M(A,B,D), M(A,D,F), 
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M(B,C,F), M(B,C,D), M(C,D,F), 
M(B, E, F), M(B, D, E), M(D,E,F), 
M(A 7 C,E), M(B,D,F). 

Now we are ready to analyze which kind of textures have three different and positive 
eigenvalues, applying in each case one of the theorems presented in previous sections. 

V. APPLICATIONS 

In order to start the analysis in a systematic way, we need to implement another sub- 
classification, which depends if the matrix has or not zeros in the main diagonal, doing this, 
first we analyze the 6- zeros textures, after this, we study the 4-zero textures and finally the 
2-zeros textures. 

A. 6-zeros analysis 

According the sub-classification given above, the 6-zeros textures present the following cases: 

1. Without zeros in the main diagonal there is one case M(B, D, F). 

2. With one zero in the main diagonal exist 9 cases: M(A, B, F), M(A, B, D), 
M(A,D,F), M(B,C,F), M(B,C,D), M(C,D,F), M(B,E,F), M{B, D, E), 
M(D,E,F). 

3. With two zeros in the main diagonal there are 9 cases: M(A, B,C), M(A,C, F), 
M(A,C,D), M(A,B,E), M(A, E, F), M(A, D, E), M(B,C,E), M(C,E,F), 
M(C,D,E). 

4. With three zeros in the main diagonal we have only 1 case (M(A, C,E)). 

We obtain a total of 20 different possibilities. We only present the analysis of the following 
three cases. 

• Applying the Theorem [2] fllbl) the trivial M(A, C, E) case is ruled out. 

• Now, we analyze the Fritzsch 6- zero texture given by M(C, E,F) Applying again 
the Theorem [2] fllbl) we must have tr M(C, E, F) = A > 0, from the condition (fTaj) 
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det M(C, E, F) = —D 2 A < that is a contradiction, because of that this 6- zero 
texture is ruled out. 

• Next, we analyze the following texture M(A, D, F). The condition (JTb]) of the Theorem 
H] we have that tr M(A, D, F) = C + E > and from flU} det M(A, D, F) = —EB 2 > 
0,0 E < C > £C < 0. The condition flic]) of the Theorem [2] implies 
that < £ 2 + C 2 + 2B 2 < E 2 + C 2 + 2£ , C O < EC and we have a contradiction 
and this texture is also ruled out. 

We have analyzed the others 17 cases and we found that the only case that is not excluded 
is M(B, D, F), obviously being A, B and C the eigenvalues (A ^ C ^ E > 0). 



B. 4-zeros analysis 



These kind of textures have the following cases: 

1. Without zeros in the main diagonal there are 3 cases: M(B,F), M(B,D), M(D,F). 

2. With one zero in the main diagonal exist 9 cases: M(A,B), M(A,D), M(A,F), 
M(B,C), M(C,D), M(C,F), M(B,E), M(D,E), M(E, F) 

3. With two zeros in the main diagonal there are 3 cases: M(A, E), M(A, C), M(C, E). 
We present the analysis of some cases more representative: 

• We start with the matrix M(C,E). If we compute tr 2 M(C,£), tr M(C,E) 2 and we 
apply the condition (flcj) of the Theorem [21 we obtain: 

2(D 2 + F 2 + B 2 ) + A 2 < A 2 , 

that is a contradiction. We have found that M(A, E) and M(A, C) are ruled out too. 

• The second example is the Fritzsch 4-zero texture given by M(E,F) Q|. From the 
Theorem El follows that the condition flUJ det M(E, F) = -AD 2 > implies A < 0, 
and of the condition (fib]) tr M(E, F) = C + A > we have that C > and then 
AC < 0. Now we compute tr 2 M(C,E), trM(C,E) 2 and using the condition flic]) of 
the Theorem [2], we obtain: 

2(D 2 + B 2 ) + C 2 + A 2 < C 2 + A 2 + 2AC, 



11 



then AC > 0, that is a contradiction. 

We have analyzed the eight cases M(A,B), M(A,D), M(A,F), M(B,C), M(C,D), 
M(C, F), M(B, E), M(D, E) and we found that are ruled out. 

The cases that are in agreement with the condition ([[]) of the Theorem [2] are M(B,F), 
M(B,D) and M(D,F), this means that, these textures have possibilities to have real, 
positive and different eigenvalues. Now we find numerical values for the capital letters such 
that the conditions fl2]) and ([3]) hold. Now we present two numerical example for the u-quark 
mass matrix that satisfies Theorem [2j In the first example we have a small perturbation to 
the quark masses, and in the second one, we have different values. 



M(B,F) 



( 



3.00197 1.6 
1.6 1300 
174900 



\ 



/ 



M(B, F) 



68.982 285 
285 1234.02 
174900 



\ 



with eigenvalues 4 given by: 



m u = 3, m c = 1300, m t = 1749000. 
in agreement with the experimental value 



C. 2-zeros analysis 



Here we only have two cases, 



1. Without zeros in the main diagonal belong three different possibilities M(B), M(D) 
and M(F). 

2. With one zero in the main diagonal also belong three different possibilities M(A), 
M(C) and M(E). 

We only present the analysis of M(A). The condition (llbp produces E + C > 0, 
the condition (fTaj) implies that 2BDF — B 2 E — F 2 C > and the condition fflcj) gives 



4 The units for all parameters are MeV, by they are omitted. 
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2{B 2 + D 2 + F 2 ) + E 2 + C 2 < E 2 + C 2 + 2£C, the last three inequalities are equivalents 
with 



E + C > 0, 
2BDF > B 2 E + F 2 C, 
0<B 2 + D 2 + F 2 < EC, 

from (jSJ) and fllOp we have that > and C > 0, therefore 

- 2BFVEC < B 2 E + F 2 C, 



(8) 
(9) 
(10) 



2BFVEC < B 2 E + F 2 C, 



(11) 
(12) 



now if BF > 0, the inequalities fTTOl [T2| |9]) produce the following chain of inequalities 



2BFVB 2 + D 2 + F 2 < 2BFVEC < B 2 E + F 2 C < 2BDF, 



and then 



VB 2 + D 2 + F 2 < D, 



that is a contradiction. If BF < use ([IT]) . We have analyzed the other 2 cases M(C), 
M(E) and we found that are ruled out. 

The cases that are in agreement with the condition (CE|) of the Theorem [2] are M(B), 
M(D) and M(F). To finalize this section, we showing two numerical examples for 2-zero 
texture mass matrix for d-type quarks: 



M(F) 



( 



\ 



5.59533 3 
3 99.9056 2 
2 4210 



\ 



/ 



M(F) 



9.94113 20 
20 95.9478 40 
40 4209.61 



with eigenvalues given by: 



m u = 5.5, m c = 100, m t = 4210. 



VI. CONCLUSIONS 

In this paper, in the understanding that by definition the physical mass of the quarks 
and charged leptons are the eigenvalues of the mass matrices. We found the necessary and 
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sufficient conditions over the characteristic polynomial coefficients from any symmetric 3 by 
3 matrix, so that it has real, simple and positive roots. We apply this formalism to analyze 
the symmetric texture-zero matrices. We found that a lot of them are ruled out when the 
first condition of the Theorem [2] is applied. Only the 4-zeros texture matrices M(B,F), 
M(B,D), M(D,F) and the 2-zero texture matrices M(B), M(D), M(F) are in agreement 
with this condition. In the texture-zero formalism, the matrices have variable coefficients, 
the conditions [2] and [3] impose restrictions over these coefficients, this means that, we need 
to find the complete domain of the coefficients in both mass matrices, u-type quarks and 
d-type quarks, in order to approximate the V c km matrix. Analytically this procedure is 
complicated, for this reason, we show numerical examples. Other restriction over the matrix 
coefficients is the V c km analysis of these kind of zero-textures, we shall discuss in detail this 
in a forthcoming paper jf]]. 
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